Magic labelings of graphs are studied in great detail by Stanley in [18] and [19] , and Stewart in [20] and [21] . In this article, we construct and enumerate magic labelings of graphs using Hilbert bases of polyhedral cones and Ehrhart quasi-polynomials of polytopes. We define polytopes of magic labelings of graphs and digraphs. We give a description of the faces of the Birkhoff polytope as polytopes of magic labelings of digraphs.
. Graphs with a magic labeling are also called magic graphs (see Figure 1 for an example of a magic labeling of the complete graph 
¥
. Thus magic labelings of a digraph is a network flow, where the flow into and out of every vertex, is the magic sum of the labeling. If we consider the labels of the edges of ¤ as variables, the defining magic sum conditions are simply linear equations, and the set of magic labelings of ¤ becomes the set of integral points inside a pointed polyhedral cone [15] . Henceforth, we call the cone of magic labelings of ¤ . A Hilbert basis of has the property that any magic labeling of ¤ can be expressed as a linear combination with nonnegative integer coefficients of the elements of the Hilbert basis (see [1] , [2] , or [15] ). An irreducible magic labeling of a graph is a magic labeling that cannot be written as a sum of two other magic labelings. The minimal Hilbert basis of is the set of all irreducible magic labelings and is unique [15] . Henceforth, when we refer to the Hilbert basis in this article, we mean the minimal Hilbert basis. . Also, the sum of the labels of edges at a vertex , called the Birkhoff polytope. See [7] , [8] , or [15] for a detailed study of the Birkhoff polytope.
A symmetric magic square is a semi-magic square that is also a symmetric matrix. Let
denote the number of symmetric magic squares of magic sum ¥ (see [3] , [19] , and the references therein for the enumeration of symmetric magic squares). We define the polytope . This also implies that there is a one-to-one correspondence between semi-magic squares and magic labelings of
(this correspondence is also mentioned in [18] and [20] ). See Figure 6 for an example.
A good description of the faces of Birkhoff polytope is not known [14] . We can now give an explicit description of the faces of the Birkhoff polytope. See Figure 7 for the edge graph of e . Two faces of a polytope of magic labelings of a graph (or a digraph) are said to be isomorphic faces if the subgraphs (subdigraphs, respectively) defining the faces are isomorphic. A set of faces is said to be a generating set of -dimensional faces if every -dimensional face is isomorphic to one of the faces in the set. See Figures 8, 9 , 10, and 11 for the generators of the edges, the two dimensional faces, the facets, and the Birkhoff polytope Proof. An edge Proof. It is well-known that the minimal Hilbert basis of semi-magic squares are the permutation matrices (see [15] ) and therefore have magic sum 1. The one-to-one correspondence between magic labelings of
Å '
and semi-magic squares implies that the minimal Hilbert basis elements of AE « is the same. Therefore, Eulerian digraphs can also be studied as magic digraphs where all the edges are labeled by 1 (see [4] for the applications of Eulerian digraphs to digraph colorings). An . This number has been computed for s @ h 1 ! % ! % ! % f 1 ï (see [5] and [9] ).
The software 4ti2 [11] can be used to find the Hilbert bases of , and the software LattE [10] can be used to compute the generating functions of u 0 ¥ v e effectively. See [3] for other results about magic labelings of graphs. See [22] for a study of other types of magic graphs.
